In this article, a method of error source analysis and detection to improve the angle measurement accuracy of rotary encoders in precision measuring instruments is proposed. The angle measurement error caused by the installation eccentricity of the grating disk and the radial error motion of the rotating shaft is analyzed, and the error model is built. The method of measuring the radial error motion is introduced, and the visual system and image processing technology is proposed to detect the eccentricity. The verification experiment by the use of an autocollimator and a polygon is carried out. The residual error after comparison within ±6" accounts for 9% of the angle measurement error. The proposed error model is verified, and the angle measurement error can be predicted if the installation eccentricity and radial error motion are known.
Introduction
The precision measuring instruments that contain rotation joints and high-accuracy angle sensors, such as laser trackers, articulated arm coordinate measuring machines, total stations, and theodolites, have been widely used in the industrial fields of large-scale metrology [1, 2] . The measurement accuracy of these instruments is influenced significantly by the measurement accuracy of angle sensors. Rotary encoders are widely used as high-accuracy angle sensors. Much research has been carried out to improve angle measurement accuracy. Zheng et al. proposed an eccentricity error model, and they used a polygon and an autocollimator to detect the angle measurement error. The grating disk eccentricity error model parameters were estimated using the nonlinear least square method. The angle measurement error was decreased by correcting the eccentricity error [3] . Gao et al. analyzed the angle measurement error data with the fast Fourier transform (FFT), and the constant was calculated based on particle swarm optimization (PSO) to overcome the non-convergence of the least square method [4] . Hong et al. proposed a model based on the radial basis function (RBF) to avoid the work on complex analysis on source of error, but researchers have to get enough evenly distributed calibration data [5] . Deng et al. proposed a method based on the adaptive differential evolution-Fourier neural network (ADE-FNN), based on the calibration device they devised [6] . However the calibration device cannot be used for calibrating a high-precision grating disk. Geckeler et al. proposed a method based on the Fourier approach that includes transfer functions for the calibration of angle encoders. Different weighting schemes combining the measurement results to reduce the uncertainty of calibration was presented [7] . The cross-calibration methods mentioned above utilize external reference standards to acquire discrete calibration data to fit the correction function.
Mancini et al. presented the error frequency of the eccentricity and runout of the rotating shaft; the reading heads in regularly distributed to compensate the installation eccentricity of the grating 
Analysis of Angle Measurement Error
The parallel dual-joint coordinate measuring machine is a kind of articulated arm coordinate measuring machine that consists of two rotation joints and one linear rolling guide. Figure 2 shows the structure of the rotation joint. The mounting plate is fixed on the structural support, the reading head is fixed on the mounting plate, the grating disk and rotating shaft are connected with screws, and the grating disk is rotated with a rotating shaft relative to the reading head. The rotary encoder we use is the Mercury 3000 (Celera MOTION Company, Bedford, MA, USA, with resolution of 0.39″ for the measuring range of 360°). The angle measurement accuracy is influenced significantly by the installation eccentricity of the grating disk and the radial error motion of the rotating shaft. Section 3.1 provides the ideal working condition of a rotary encoder; Sections 3.2 and 3.3 provide the details of two types of error sources, installation eccentricity, and radial error motions; and Section 3.4 provides the comprehensive model based on the analysis discussed in Sections 3.2 and 3.3. Figure 3 shows the rotary encoder working in ideal condition. 
Description of Ideal Condition
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Angle Measurement Error Caused by Installation Eccentricity
As shown in Figure 4 , the grating disk works in condition when there is installation eccentricity e but no error motions of the rotating shaft. It means that the axis of rotation O and the axis average line O O are at the same position. The circle 2 O is set as an example to describe the model. According to the geometrical relationship, the optical radius can be expressed by Equation (1): 
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As shown in Figure 4 , the grating disk works in condition when there is installation eccentricity e but no error motions of the rotating shaft. It means that the axis of rotation O and the axis average line O O are at the same position. The circle 2 O is set as an example to describe the model. According to the geometrical relationship, the optical radius can be expressed by Equation (1): O represents the axis of rotation, O 1 (O 2 ) is the grating geometric center, and the trajectory of the grating geometric center is a circle. O is the center of the circle, and e is the radius of the circle. Circle O 1 and circle O 2 represent the grating disk at different positions separately. OM is the line between the shaft rotation center and the center of the reading head. OO 1 (OO 2 ) is the line between the shaft rotation center and the grating geometric center. OC 1 (OC 2 ) is the optical radius when the grating disk works in actual condition (optical radius is a variable in actual condition). Z O1 (Z O2 ) is the grating index line, ϕ is the angle between OO 2 and OM, and θ is the angle scanned by the photoelectric sensor. After installing the grating disk on the rotating shaft, there is a fixed angle θ 0 between the grating index line and the eccentric direction, and the relationship between them is described as ϕ = θ − θ 0 .
The circle O 2 is set as an example to describe the model. According to the geometrical relationship, the optical radius can be expressed by Equation (1):
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where β = arcsin e sin ϕ r , so the arc length which the grating disk passes through the reading head can be expressed by Equation (2):
where r is normally larger than 20 mm, e can be controlled within 0.01 mm, e/r is no more than 0.001, so arcsin e sin ϕ r ≈ 0, from Equation (2), l = ϕ 0 (e cos ϕ + r)dϕ. ∆l = l − rϕ, so the angle measurement error caused by eccentricity is calculated by Equation (3):
Angle Measurement Error Caused by Radial Error Motions
The axis of rotation and axis average line are not at the same position when there are error motions of the rotating shaft. As shown in 
where sin arcsin e r ϕ β = , so the arc length which the grating disk passes through the reading head can be expressed by Equation (2) 
where r is normally larger than 20 mm, e can be controlled within 0.01 mm, / e r is no more than 0.001, so sin arcsin 0 e r ϕ ≈ , from Equation (2) 
Angle Measurement Error Model Caused by Installation Eccentricity and Radial Error Motions
When the grating disk works in actual condition, the installation eccentricity of the grating disk and the error motions of the rotating shaft exist. As shown in Figure 6 
When the grating disk works in actual condition, the installation eccentricity of the grating disk and the error motions of the rotating shaft exist. As shown in Figure 6 , δ Y is the radial error motion along the direction of the reading head, and δ X is the radial error motion that is perpendicular to δ Y . O 2 represents the geometric center of the grating disk, and O O C 2 is the actual radial optical radius when the grating disk rotates to position O 2 . According to geometrical relationship, O O C = δ Y (θ) + e cos ϕ + r cos β, and
, r is normally larger than 20 mm, e can be controlled within 0.01 mm, and δ X can be controlled within 0.005 mm, so
is no more than 0.001, so arcsin
+ e cos ϕ + r, the arc length which the grating disk passes through the reading head is expressed as Equation (4):
so the angle measurement error caused by the installation eccentricity and the radial error motion is calculated by Equation (5):
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so the angle measurement error caused by the installation eccentricity and the radial error motion is calculated by Equation (5): Figure 6 . Rotary encoder works in actual condition.
Detection and Verification Method
Sections 4.1 and 4.2 provide the respective measurement strategies to quantify the radial error motion and installation eccentricity.
Radial Error Motion Measurement
The experiment to measure the radial error motion of the rotating shaft is presented in this section. ISO 230-7: 2015 [15] specifies the mounting of a precision test sphere or other suitable artefact in the machine spindle, using a displacement sensor to measure the error motions of the spindle. The influence of installation eccentricity is introduced. Many previous studies have proposed other methods to measure the error motions of the spindle [17] [18] [19] [20] . We used the contact measurement method based on the features of the rotation joint.
Two precision test spheres are fixed on the top and bottom of the rotating shaft. The max surface roughness is 0.014 μm , which is negligible compared with radial error motions. As shown in Figure 7 , the inductive probes (lever type, TESA Company, model 32.10802, with max repeatability 0.1 μm , permissible error for deviations in linearity is 
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Radial Error Motion Measurement
Two precision test spheres are fixed on the top and bottom of the rotating shaft. The max surface roughness is 0.014 µm, which is negligible compared with radial error motions. As shown in Figure 7 , the inductive probes (lever type, TESA Company, model 32.10802, with max repeatability 0.1 µm, permissible error for deviations in linearity is 0.2 + 50 × L 2 µm for the measuring range of ±0.3 mm) are adjusted to make contact with the precision test spheres. One 2π period sinusoidal signal generated by the installation eccentricity of the precision test sphere superimposes on the inductive probe outputs. Equation (6): The data of inductive probes d(θ) are expanded to 10 order Fourier series, shown as Equation (6):
the Fourier coefficients a 0 , a 1 , b 1 , . . . , a 10 , b 10 are calculated by using the least-square fitting method. Then the radial error motion of the precision test sphere δ(θ) is acquired by subtracting the zero order term caused by the position of inductive probes and the first order term caused by installation eccentricity of precision test sphere, as expressed by Equation (7):
(a i sin(iθ) + b i cos(iθ)).
As shown in Figure 8 , the tilt error motion of the shaft can be calculated by Equation (8):
The radial error motion of the grating disk is calculated by the following equation:
where L 1 is the distance between the center of the sphere on the top of the rotating shaft and the grating disk, and L 2 is the distance between the center of two spheres. 
the Fourier coefficients 0 1 1 10 10 , , , , , a a b a b  are calculated by using the least-square fitting method.
Then the radial error motion of the precision test sphere ( ) δ θ is acquired by subtracting the zero order term caused by the position of inductive probes and the first order term caused by installation eccentricity of precision test sphere, as expressed by Equation (7):
where 1 L is the distance between the center of the sphere on the top of the rotating shaft and the grating disk, and 2 L is the distance between the center of two spheres. Figure 8 . Relationships between the radial error motions of the grating disk and test spheres.
Installation Eccentricity Detection
The Principle of Detecting Installation Eccentricity
The experimental device and the method to detect the eccentricity amplitude and direction are introduced in this section. As shown in Figure 9 , a CCD camera is mounted on the microscope. A circular hole is symmetrical to the reading head with the rotating shaft. The microscope is adjusted to make sure that the hole is just in the middle of the field of view.
The experimental device and the method to detect the eccentricity amplitude and direction are introduced in this section. As shown in Figure 9 , a CCD camera is mounted on the microscope. A circular hole is symmetrical to the reading head with the rotating shaft. The microscope is adjusted to make sure that the hole is just in the middle of the field of view. At every 6 degrees, the CCD camera gets the images of the radial grating, and, meanwhile, the rotation angles are measured by the rotary encoder. The coordinate of the geometric center of the grating disk and the radius of the fitting circle of the rotary scales edge at each position can be calculated by using the image processing technology. Figure 10 shows the geometric relationships of the parameters calculated by the image processing technology. The middle point in pictures is set as reference point ( , ) At every 6 degrees, the CCD camera gets the images of the radial grating, and, meanwhile, the rotation angles are measured by the rotary encoder. The coordinate of the geometric center of the grating disk and the radius of the fitting circle of the rotary scales edge at each position can be calculated by using the image processing technology. Figure 10 shows the geometric relationships of the parameters calculated by the image processing technology. The middle point in pictures is set as reference point R(x r , y r ), and then the distance between the grating geometric center and the reference point is calculated, which is named l. The radius of fitting circle of rotary scales edge, which we named r f itting , is already known. The distance between rotary scales edge and reference point called d re f can be calculated by the equation d re f = l − r f itting , and for every position, we get data d re f k , k = 1, 2, · · ·, 60.
The experimental device and the method to detect the eccentricity amplitude and direction are introduced in this section. As shown in Figure 9 , a CCD camera is mounted on the microscope. A circular hole is symmetrical to the reading head with the rotating shaft. The microscope is adjusted to make sure that the hole is just in the middle of the field of view. At every 6 degrees, the CCD camera gets the images of the radial grating, and, meanwhile, the rotation angles are measured by the rotary encoder. The coordinate of the geometric center of the grating disk and the radius of the fitting circle of the rotary scales edge at each position can be calculated by using the image processing technology. Figure 10 shows the geometric relationships of the parameters calculated by the image processing technology. The middle point in pictures is set as reference point ( , ) The function d re f (θ) can be developed as a 10 order Fourier series, represented by Equation (10):
The parameters c 0 , c 1 , d 1 , · · ·, c 10 , d 10 can be calculated by using the least-square fitting method from data d re f k , k = 1, 2, · · ·, 60. The first harmonic is caused by the installation eccentricity of the grating disk, so the magnitude of eccentricity e can be calculated by Equation (11):
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The phase of eccentricity θ 0 can be expressed as Equation (12):
Image Processing Technology
Detailed information about the image processing technology used to get the coordinate of the grating geometric center and the radius of the fitting circle of the rotary scales edge is introduced in this section.
For each image, the true-color image is converted to a greyscale image, the grayscale histogram of grayscale image is extracted, and then the greyscale image is converted to a binary image, because the binary image can be more convenient for edge extraction and morphological operation. The value of the binary image is reversed for convenience of subsequent calculations. The binary image is separated into several parts, and each part is composed of pixels whose value are "1". The threshold value is set to remove the small parts that are caused by noise and dust. The remaining parts are composed of rotary scales. Then the middle point coordinate of the right edge of each part is calculated. The images of rotary scales are shown in Figure 11 . refk disk, so the magnitude of eccentricity e can be calculated by Equation (11):
The phase of eccentricity 0 θ can be expressed as Equation (12):
For each image, the true-color image is converted to a greyscale image, the grayscale histogram of grayscale image is extracted, and then the greyscale image is converted to a binary image, because the binary image can be more convenient for edge extraction and morphological operation. The value of the binary image is reversed for convenience of subsequent calculations. The binary image is separated into several parts, and each part is composed of pixels whose value are "1". The threshold value is set to remove the small parts that are caused by noise and dust. The remaining parts are composed of rotary scales. Then the middle point coordinate of the right edge of each part is calculated. The images of rotary scales are shown in Figure 11 . The circle is fitted by using the least square method. The coordinate of the center of the fitting circle of the rotary scales edge, which is also the center of the grating disk O p k (x k , y k ) and radius of the fitting circle of the rotary scales edge r p_ f ittingk are calculated. The original picture size is 2048*1536, and the coordinate of the reference point is R(1024, 768), so then l p_k and d p_re f k can be calculated,
Because the pixel value is small, it is hard to calibrate with a conventional checkerboard. Grating period is 20 µm is known from the datasheet, the number of pixels of three grating periods near the edge along the Y direction is counted, which named m p , m p = 90, the distance of each pixel is 0.667 µm, so the distance between the rotary scales edge and reference point d re f k is represented by Equation (13):
Verification Method
As shown in Figure 12 , the optical polygon with 23 faces is used as the reference angle artefact. The rotating shaft and regular optical polygon are connected with a clamp. The small eccentric installation of the optical polygon will not cause the measurement error of the autocollimator (TRIOPTICS Company, Wedel, Germany, model TriAngle US 300-57; resolution: 0.005 ; accuracy: 0.25 ). The mating surface of the optical polygon and rotating component are parallel to each other and orthogonal to the axis average line of the rotating component. The autocollimator is adjusted to aim at the optical polygon. The actual angle can be obtained by the use of the autocollimator and optical polygon. The actual angle subtracted from the angle obtained by the rotary encoder is the angle measurement error. Put the angles obtained by rotary encoder θ into the angle measurement error model ∆θ, and we get the residual error after comparison.
Grating period is 20 μm is known from the datasheet, the number of pixels of three grating periods near the edge along the Y direction is counted, which named p m , 90 p m = , the distance of each pixel is 0.667 μm, so the distance between the rotary scales edge and reference point refk d is represented by Equation (13):
As shown in Figure 12 , the optical polygon with 23 faces is used as the reference angle artefact. 
Results
According to the design sizes of the rotation joint, 
According to the design sizes of the rotation joint, L 1 = 6.81mm, L 2 = 122.96mm. Both the radial error motion of the precision test spheres fixed on the rotating shaft and the radial error motion of the grating disk along the direction of the reading head δ Y (θ) are shown in Figure 13 The harmonics of d re f k , which removed constant term, and the first harmonic of d re f k are shown in Figure 14 . From Equation (11) , e = 7.1 µm, and from Equation (12) The harmonics of refk d , which removed constant term, and the first harmonic of refk d are shown in Figure 14 . From Equation (11), 7 .1μm e = , and from Equation (12) The parameter r is known from the datasheet, and the parameters e, θ 0 , and variable δ Y (θ) are known. The angle measurement error caused by the installation eccentricity and radial error motion ∆θ is calculated by Equation (5), as shown in Figure 15 .
shown in Figure 14 . From Equation (11), 7 .1μm e = , and from Equation (12) In Figure 16 , the comparison of angle measurement errors obtained through the use of an autocollimator with an optical polygon and the method proposed in this article is shown. Both curves are close to each other, with residual errors within ±6". The residual errors account for 9% in angle measurement error. In Figure 16 , the comparison of angle measurement errors obtained through the use of an autocollimator with an optical polygon and the method proposed in this article is shown. Both curves are close to each other, with residual errors within ±6″. The residual errors account for 9% in angle measurement error. 
Discussion
The error sources are detected, and the error model is built to improve the angle measurement accuracy. The method of using visual system and image processing technology is proposed to detect the installation eccentricity. It is found that the installation eccentricity of the grating disk and the radial error motion of the rotating shaft along the direction of the reading head are the main causes to the angle measurement error of the rotation joint from Equation (5). The angle measurement error caused by the installation eccentricity is the main part because the radial error 
The error sources are detected, and the error model is built to improve the angle measurement accuracy. The method of using visual system and image processing technology is proposed to detect the installation eccentricity. It is found that the installation eccentricity of the grating disk and the radial error motion of the rotating shaft along the direction of the reading head are the main causes to the angle measurement error of the rotation joint from Equation (5). The angle measurement error caused by the installation eccentricity is the main part because the radial error motions are very small, as shown in Figure 15 . Meanwhile, imperfect manufacturing of the grating disk and other minor errors also cause angle measurement error. The random errors affect the angle measurement accuracy of rotary encoders. The random error of radial error motion is a main part of the whole. The angle measurement accuracy of rotary encoders can be improved obviously by reducing the random error of radial error motion after compensating the systematic errors. This study focuses on the influence of the installation eccentricity of the grating disk and the radial error motion of the rotating shaft, which exist due to the imperfect installation of the grating disk and imperfect manufacturing and assembly of the machine parts.
An angle measurement error can be predicted if the installation eccentricity and radial error motions are known. The theory can be applied to the design and assembly processes of precision rotating shafts. Regarding the design aspect, one can reduce the distance between the grating disk and the bearing, which is close to grating disk, so as to reduce the radial error motion of the grating disk. Regarding the assembly aspect, the visual system and image processing technology is especially suited for detecting the installation eccentricity during the assembly process. Detecting the eccentricity of the grating disk and adjusting the grating disk can reduce the angle measurement error effectively.
In future work, correction of the angle measurement error of the rotation joint induced by temperature change will be regarded as the research key to improve the angle measurement accuracy when precision coordinate measuring instruments that contain a rotation joint are working in different ambient temperature.
Conclusions
In this paper, a novel model of angle measurement error derived from the installation eccentricity of the grating disk and the radial error motion of the rotating shaft is built by integrating the differences of optical radius when the grating disk rotates in actual condition and ideal condition. The accuracy of this theoretical analysis is experimentally verified, the residual error which within ±6 accounts for 9% of angle measurement error. The angle measurement error can be predicted if the installation eccentricity and radial error motion are known.
